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ABSTRACT
THEORETICAL INVESTIGATION OF TWO-COLOR,
TWO-PHOTON, 6 s2S1/2 -* 5d2D, -» llp2P3/2 EXCITATION 
AND DEPOLARIZATION SPECTRA IN ATOMIC CAESIUM
Boris Dobrydnev 
Old Dominion University, 1995 
Director: Dr. Mark D. Havey
The theoretical investigation of two-photon, two-color 
intensity and depolarization spectra for the 6 s2S1/2 -*■ 5d2Dj -► 
llp2P3/2 transition in atomic caesium is considered. For 
quadrupole-dipole transitions the dependence of excitation 
from the ratio of reduced matrix elements is shown. The 
experimental method of determination of the value and sign of 
the ratio is proposed. Comparison of results for co- and 
counterpropagating beams revealed the strong dependence of the 
transition rate on the relative beam directions. Analysis of 
the influence of the external electric field on the process of 
absorption is presented. Calculations can be employed for 
determination of the reduced matrix elements for S P and 
P -+ D dipole and S -» D quadrupole transitions.
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CHAPTER 1 
INTRODUCTION
Studies of multiphoton processes in atoms and molecules 
provide a powerful tool for obtaining detailed information 
both on the structural properties of the particles and on the 
dynamical interaction of intense electromagnetic radiation 
with matter [1 ,2 ], particularly to determination of atomic 
energy level positions [3-6]. A main motivation for use of 
these techniques has been that for certain experimental 
arrangements the spectra can be free of Doppler broadening 
[7-9], and the observed width of spectral resonances reduced 
to the natural width of the transition under study [1 0 ]. 
Another important case corresponds to multiphoton ionization, 
where the energy of a single photon is smaller than the 
ionization potential of an atom, and the photoionization can 
proceed only through the absorption of several photons [1 1 ].
One important example of a multiphoton process is two- 
photon absorption, where two photons from a single light 
source or one photon from two separate light sources are 
absorbed. In the second case, the frequency and polarization 
of each source may be separately varied, along with the 
relative wave vectors of the radiation. This two-color, two- 
photon approach is widely used for the resolution of hyperfine
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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structures of atoms [12], study of Rydberg states [13], 
detailed investigation of atomic collisions [14,15] and 
chemical reactions [16].
When studying two-photon processes, almost all 
theoretical and experimental efforts are concentrated on 
permitted transitions and only recently have some reports 
appeared that deal with two-photon transitions, in which one 
of the transitions is dipole-prohibited [17-21]. In the 
publications [17,18], the process of two-photon ionization was 
considered. It was shown theoretically [17] and experimentally 
[18] that for some range of photon frequencies, the 
quadrupole-dipole contribution to two-photon ionization is 
larger than the dipole-dipole contribution. In other work 
[19-21], the effect of interference between the Stark and 
electric-quadrupole amplitudes was studied experimentally. In 
those experiments interference produces a polarization of the 
excited atomic state in a direction orthogonal to both the 
propagation direction of the exciting radiation and the 
applied electric field. By virtue of this interference the 
measuring of relative strengths of the Stark and electric- 
quadrupole amplitudes becomes possible. This method permitted 
the experimental determination of decay rates from the first 
excited D-state to the first excited P-state in atoms of 
strontium [19] and calcium [20]. Also, the induced orientation 
of the lowest D-level in barium was obtained [21].
The study of quadrupole-dipole transitions provides the
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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possibility to acquire information otherwise very difficult to 
obtain from other kinds of measurements. Nevertheless 
quadrupole-dipole spectroscopy still is not appreciated 
completely and its potential is not fully developed. The 
advantages of studying such processes can be seen from the 
following. First from a point of view of multicolor, 
multiphoton spectroscopy, atomic spectra may be viewed not 
only as a series of essentially discrete energy level 
locations which are to be determined as precisely as possible, 
but also as multiphoton continua containing embedded 
resonances of various widths and strengths [6 ]. For example, 
if a two-photon process is considered which connects nominal 
S-levels, then the weak-field, electric-dipole resonances are 
located at one-photon resonance energy positions of the P- 
levels of the system. In addition, there are normally weaker 
electric-quadrupole resonances located at the energy positions 
of the D-levels of the atom. Yet higher multipole interactions 
between the atom and the radiation fields will sense 
intermediate levels of different symmetry. Then as a function 
of the frequency of the two light sources (but such that the 
combined frequency is always at two-photon resonance), the 
transition amplitude to the final S-level contains varying 
contributions from all the intermediate levels having proper 
symmetry. The amplitudes [22] generally depend on the size 
and phase of the multipole reduced matrix elements connecting 
the initial and final levels, and on the polarization of the
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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light sources. Thus, depending on the choice of initial and 
final levels, and the range of frequencies of the light 
sources considered, determination of the transition rate to 
the final level allows determination of combinations of 
reduced transition matrix elements and their relative signs.
In this dissertation we consider in some detail the 
processes that occur in two-color, two-photon quadrupole- 
dipole absorption in atomic caesium. Although all calculations 
are executed for the particular 6 s2S1/2 -» 5d2Dj -*• llp2P3/2 
quadrupole-dipole transition in caesium, the results of the 
dissertation can be exploited in the exploring of properties 
of other atoms, especially of those of the alkali group.
The consideration of these processes is made using the 
perturbation theory and the rotation wave approximation (RWA). 
The validity of these approximations is established.
General expressions are obtained for the two-photon 
transition rate and its dependence on frequency and on the 
relative polarization of the two light sources. Only 
nonresonant intermediate levels are considered, where detuning 
from resonant ( 1 + 1 ) excitation is much larger than the 
Doppler or natural width of the transition, and the width of 
the intermediate level hyperfine manifold. The effect of 
initial and final level hyperfine structure on the 
depolarization spectra is also considered. Specific results 
are then presented and discussed for a range of relative
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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reduced matrix elements and comparison is made of the co- 
versus counter-propagating beam cases.
Following the investigation of quadrupole-dipole 
transition spectra, the effect of an applied electric field is 
studied. The interference between Stark and electric- 
quadrupole amplitudes allows one to connect reduced matrix 
elements of quadrupole transitions and those of dipole ones. 
The latter are supposed to be well known from many theoretical 
and experimental studies [23-27]. Among other things, the 
determination of reduced matrix elements for electric- 
quadrupole transitions could be used in evaluation of 
calculations of very high quality atomic wavefunctions, which 
are employed in analysis of atomic parity-violation 
experiments [28-30]. In these and other experiments the S-S 
magnetic-dipole transitions were investigated.
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
CHAPTER 2 
REVIEW OF BASIC FORMULAE
A. HAMILTONIAN AND WAVEFUNCTIONS.
We begin our discussion with the review of basic formulae 
and approaches that will be used later in this dissertation. 
The description of phenomena will be made on the basis of non- 
relativistic quantum mechanics. Relativistic effects may be 
well accounted for with perturbative methods.
The quantum mechanical treatment can take as its starting 
point the time-dependent Schrodinger wave equation
(2.1)
Here A is the quantum-mechanical Hamiltonian, generally 
time-dependent, and the state |¥) is the time-dependent 
wavefunction. This corresponds to the so-called Schrodinger 
picture of quantum mechanics. In this dissertation we will use 
the Schrodinger picture.
The subject of our investigation is the interaction of an 
atom with electromagnetic radiation. For this case, the total
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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Hamiltonian 6 for the system can be written as
8  ‘  <2-2>
Here the time-independent &E is a Hamiltonian of an 
isolated atom, describes the interaction of an atom with 
radiation, and 6 rad corresponds to the energy of the 
radiation field itself.
The atomic Hamiltonian AE contains the kinetic T and 
potential V energies of the constituent particles of the atom
He = T + V
?  = + —  2m 2 |i
(2.3)
Here m and /z are the mass of an electron and nucleus, 
while p  and P are electron and nucleus momenta. The summation 
is over all electrons of the atom. The potential energy V ( r )  
is given by a real function, which depends on electron 
coordinates. Also V depends on speeds of particles but this 
dependance is relativistic and can be considered as a 
perturbation to (2.3).
The time-dependent wavefunction |^(t)) in the absence of 
electromagnetic radiation may be split into a product of a
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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time-independent function %  and a phase factor. The function 
satisfies the energy eigenvalue equation
/?*** = EkV k (2.4)
Here k is an integer number.
The complete analytical solution for (2.4) can be 
obtained only for the simplest systems such as a hydrogen atom 
[31]. For atoms of other elements, energy eigenvalues (levels) 
have been measured precisely and tabulated [32]. As for 
wavefunctions and theoretical eigenenergies, only approximate 
calculations of them are possible. There are, however, many 
numerical methods for solving this many-electron problem (see, 
for instance, [33]).
Although we can not obtain the exact solution for the 
stationary Schrodinger equation (2.4), for some cases, 
relevant approximations provide good agreement with 
experimental data. One such important class is the 
investigation of alkali atoms. Their spectra are very similar 
to the spectrum of hydrogen. This fact speaks in favor of the 
classical model, according to which an alkali atom consists of 
one "valence" electron moving in the Coulomb field of the 
nucleus and some average field from other electrons.
The potential energy V ( r ) for the outer electron can be 
written as
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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V ( z ) = - + Vee( r ) (2.5)
Here Va ( r ) corresponds to the interaction of the outer 
electron with the electrons of closed shells and sufficiently 
different from zero only in the vicinity of the nucleus.
The potential (2.5) is spherically symmetric and the 
solution of equation (2.4) for this type of potential is known 
to consist of the product of some radial wavefunction and a 
spherical harmonic [34].
The electron has a spin s = 1/2. For closed systems, 
neither orbital momentum I nor spin s normally is conserved 
but rather the total angular momentum j  = 1 + s . Taking into 
account the fact that an atom's energy depends not only on n 
and 2, but also on j ,  all energy levels (except for S-states, 
where 1 = 0 )  split into two sublevels with j  = 1 ± 1/2. This 
splitting is termed fine structure of an atom. The effect is 
relativistic, so that it can be treated as a perturbation, 
and for alkali atoms (for 1 ^ 0 ) states with j  =  1 + 1 / 2  
normally (with few exceptions) have larger energy than states 
with j  = 1 — 1/2 [35], Spin-orbital and spin-spin
interactions make the radial part R ( r ) depend on total angular 
momentum j. Therefore, for the wavefunctions of the valence 
electron of an alkali atom
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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Y *  = XsRnuir)Yf(Q) (2.6)
Here R ^ i r ) is the radial part of wavefunction, 5T/"(fJ) is 
a spherical harmonic; n , l , m  are the principal, orbital and 
magnetic quantum numbers, while x, i s  a two-component spinor. 
The interaction of the outer electron with the spin of the 
nucleus leads to the fact that the wavefunctions of the 
valence electron have more complex form than (2.6). This 
interaction is small in compare with factors considered 
earlier, and this allows us to treat it as a perturbation 
(hyperfine structure). The effect of hyperfine interaction 
will be discussed further in chapter 4.
For the stationary states, i.e. states with particular 
values of E, the dependence of the wavefunction 1^) on time 
can be written as
The determination of the radial part R„y(r) is still an 
important problem for atomic physics. For large values of r, 
where the potential energy (2.5) is close to the electrostatic 
proton-electron interaction energy, this part is known to tend 
asymptotically to Whittaker functions [33]. For large numbers
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
(2.7)
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n , quantum-defect theory provides analytical expressions for 
radial wavefunctions that agree to some extent with 
experimental data [36]. Nevertheless, as a whole, the best 
wavefunctions have been calculated numerically (see, for
instance, [37,38]).
Both the analytical approaches and numerical calculations 
need data, obtained from experiment, to assure an accurate 
description of reality. Spectroscopy provides most of such 
data - the locations of energy levels with extremely high 
precision and, less precisely, transition matrix elements. In 
most cases, the latter are known only for several transitions 
between low-lying energy levels. Therefore, design of
experiments becomes very important in terms of extracting 
necessary information with maximum possible accuracy.
B. RADIATIVE INTERACTIONS.
The energy of the radiation field E ^  in the classical 
theory has the form [39]
£ r +B2) cPr < 2 - 8 >
Here E and B are electric and magnetic fields,
respectively. The expression (2.8) can be quantized and
expressed in terms of creation a+ and annihilation a
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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operators, providing the most consistent radiation field 
description. Nevertheless, in this dissertation we will not 
use this approach, because our concern is two-photon 
prohibited-allowed transitions, which are extremely weak and 
can be observed in moderately intense laser fields only. In 
these circumstances we can use quantum description for the 
atom behavior and a classical one for radiation. This approach 
allows us to omit the last term in the total Hamiltonian H in
(2.2).
For a plane electromagnetic wave of wave vector k  and
angular frequency w = c k , we can write for the electric E and
magnetic B fields in a vacuum
E  = E 0cos (k'Z - <t>t) (2.9)
B = B0cos (k-r - (at)
Here r is the radius-vector of the electron, E0l B0 are 
the amplitudes of the electric and magnetic fields and the 
vectors E , B and k are perpendicular to each other.
In the classical theory the interaction of an atom and 
electromagnetic field can be obtained by replacing the
electron momentum p in (2.3) by [39]
p  -  p + —  A  ( 2 . 1 0 )
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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Here A is the vector potential of the electromagnetic 
field.
This method is also used in quantum physics and in the 
Coulomb gauge (V*A = 0) the interaction Hamiltonian^ can be 
obtained from (2.3) by using (2.10)
Hint = + - ^ - A 2 + — ~ S ’B  (2.11)
me 2 me2 me
Here we consider A as a function rather than an operator.
The second term in (2.11) is quadratic in A, so that in 
the perturbation theory it can be neglected. The last term 
depicts the interaction of the spin magnetic moment of the 
electron with the magnetic radiation field and, for most 
cases, can be also neglected.
For optical transitions in alkali atoms, we can pay 
attention for most cases only to the behavior of the outer 
electron and ignore the electrons of inner shells. The effect 
of core polarization is not directly considered here. For this 
reason, we have left in (2.9) only the part corresponding to 
the valence electron.
For a plane wave (2.9), A can be written as
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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A = —  sin(.fcT - oat) (2.12)<•)
The wavelength of light ( 2 n /k ) is usually much bigger 
than the size of an atom. This allows us to expand the 
sin(lc*r - ut) in powers of k - r . In the zero order 
approximation, where k*r is replaced by zero, we have the 
electric dipole Hamiltonian
Replacing in (2.11) by (2.13) corresponds to the 
picture, where the electron oscillates as if it were subjected 
to a uniform sinusoidal electric field E0 cos (cot). Higher 
orders of expansion (2.11) give us higher-order terms, such as 
electric quadrupole, magnetic dipole, etc.
The formulae (2.11)-(2.13) describe the physical picture 
in the so-called velocity gauge. Another approach can be made 
using the length gauge, according to which in the expression 
for the interaction Hamiltonian (2.11) we should replace
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
mcm
—  sin(« t)E0^ (2.13)
(2.14)
What gauge to use - length or velocity is quite a problem 
in the atomic physics theory because in the perturbation 
theory the use of different gauges gives different results. 
Despite numerous attempts to improve this situation (see, for 
instance, [40-41]) it is not still absolutely clear how to 
deal with this question. Fortunately for our purposes, both 
gauges lead to approximately the same result (the difference 
is very small as will be shown later). In this dissertation we 
will use the length gauge only as a more convenient one.
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CHAPTER 3
EXCITATION AND DEPOLARIZATION SPECTRA 
OF TWO-PHOTON ABSORPTION IN ATOMIC
CAESIUM
A. INTERACTIONS AND AMPLITUDES.
In this chapter we will consider two-photon, two-color 
quadrupole-dipole transitions in atomic caesium. The ground 
state 6s2S1/2 is taken for the initial state and the final state 
is chosen to be llp2P3/2. The basic scheme considered in the 
calculations is illustrated in Figure 1. Only the 5d2D3/2 and 
5d2D5/2 levels are included as intermediate levels in the 
calculation. The reason for this will be discussed later. As 
shown in Figure 1, two radiation fields having frequencies w, 
and «2 and electric field amplitudes £01 and Em are adjusted so 
that w, + w2 = «0, where w0 is the resonant frequency of the two 
photon 6s2S1/2 -+ 5d2Dj - llp2P3/2 atomic Cs transition. The 
location of energy levels is given in Table 1. The 
polarization and wave vectors of the fields Et and E2 are given 
by e; and e2 and by k 2 and k2, respectively. We consider real 
electric fields given by
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FIGURE 1
Illustration of the two-photon quadrupole-dipole excitation 
scheme in atomic Caesium. The detuning A is measured from the 
5d2D5/2 level.
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TABLE 1
Some energy levels of atomic Caesium.
Designation 3 Level (cm-1)
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Ex = E q̂ cos ( k ^ r - - <|>)
E2 = ^ ^ c o s  { k ^ r - (o2t)
(3.1)
Here <j> is the relative phase angle of the two fields. The 
basic geometry considered is given in Figure 2, where the two 
travelling waves are taken to be either copropagating or 
counterpropagating along the y-axis. The electric fields are 
taken to be linearly polarized, with e, = z, and e2 = z or x .  
For electric dipole and quadrupole transitions only, expansion 
of the electric fields gives an atom-radiation field 
interaction Hamiltonian
Here sg is ±1, depending on whether the two radiation 
fields are co- or counter-propagating along the y-axis. The 
operator u is chosen to be either z or x. The two-photon 
quadrupole-dipole absorption is an extremely weak process. 
This fact, together with the dilution of the Cs medium, allows 
us to neglect such phenomena like attenuation and dispersion 
and, therefore, consider the interaction of radiation with a
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
FIGURE 2
Excitation and polarization geometry for the two radiation 
fields.
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single atom. Note that the interaction operators expressed in 
this form are equivalent, for a one-electron system, to those 
given in Louden [22].
We consider two-photon transitions from the initial state 
(defined as 1̂ ,)) through relay states 1̂ .) to the final state 
|^). To analyze the situation, we solve the time-dependent 
Schrodinger equation (2.1). The total Hamiltonian H (2.2) does 
not contain the energy of the radiation field itself Hrad, but 
only the Hamiltonian of an isolated atom HE and the part 
describing the interaction between the atom and radiation H^. 
This is justified for processes with the strong field and weak 
absorption. The solution of (2.1) will be found by the 
following way. First, we expand an atomic wavefunction 
|¥(r,t)) as
|Y (r, t)> = ck { t )  ̂ ( r ,  t)> (3 .3 )
k
Here |¥t(r,t)) are solutions of the Schrodinger equation 
(2.1) in the absence of interaction (see (2.6-7)), and ck( t )  
are time-dependent coefficients to be found. The summation is 
over all atomic states. Substitution of (3.3) in (2.1) gives 
us
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H|Y> = (He + Hin t ) |T>
(3.4)
The equality in (3.4) can be simplified by using the 
stationary Schrodinger equation (2.4). As a result, we have an 
equation that does not depend explicitly on HE
(3.5)
After multiplication of both sides of (3.5) by the 
conjugate relay state (¥r| and integration with respect to the 
space coordinates, we obtain the system of differential 
equations of first order
%  - ( 3 - 6 )
Here we used the fact that the atomic state descriptions 
used form an orthonormal set. The exact solution of (3.6) can 
not be obtained analytically even for simple systems like a 
hydrogen atom. Nevertheless, we can use approximate methods. 
One of the powerful tools is represented by the time-dependent
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perturbation theory (see, for instance, [22,33]). Treatment of 
flto as a small perturbation allows us to make an expansion.
c k ( t )  = ck0) + ck1] + ... (3*7)
Provided in the beginning of interaction (t = -«>) the 
atom was in the ground state 1^), in the zero-order 
approximation it will stay in this state forever so that we 
have for all times
c i “  =  « * i  < 3 - 8 )
Here Su is the Kronecker symbol, which is equal to 1 when 
k = i and 0 when k  ^  i. The next step is made by obtaining 
first-order approximation coefficients for relay states 
cr(,)(t). This can be done by substitution the values of the 
zero-order coefficients ck(0) from (3.8) into the right side of
(3.6). Because of equality to zero of all zero-order 
coefficients except we do not have to sum over k . After 
integration with respect to time, for r ^ i
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c '11 = (3 .9)
— OB
We will suppose that the interaction starts at the time 
t = 0, so that we can change the lower integration limit from 
-oo to 0. In the first order the coefficient for the final 
state is zero. To get the second-order coefficient for the 
final state cf , we repeat the procedure: substitute the
expression for ckw from (3.9) into the right side of (3.6) and 
integrate with respect to time. Now, we have to sum over all 
relay states. As a result of this
- - s E < 3-io>
n  1 o o
Note that Cy has the physical meaning of a transition 
amplitude from the ground state to the final state. The time 
dependence for wavefunctions can be extracted from (2.7) and 
for the interaction Hamiltonian - from (3.2). We substitute 
these dependencies into (3.10). Now we recall that the relay 
states are D-states. For this case the transition from the 
ground S-state to the relay D-states is due to the quadrupole 
part of (3.2) and from the relay D-states to the final P-state 
is due to the dipole part. We can write for cf ( t )
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X Jei4)/,t cos ((o2t/) d t ' j i
o o
t
x J eiU/rt cos ( w ^ ^ )  dt/|ei“rit'/sin(o2t//) dfc"}
o 0
Here, in the matrix elements, |i), |r) and |f) represent 
the spatial and spin parts of the initial, relay and final 
wavefunctions, c is the speed of light. Two terms in (3.10) 
correspond to different time-orderings of light absorption, 
(1 + 2) and (2 + 1) respectively. The special case of
absorption of two photons from the same light source (1+1) 
and (2 + 2) is not included in (3.10) and will be discussed 
later.
Integration with respect to time in (3.11) can be done 
easily and has as a result a sum of four terms for each double 
integral. In both sums, there are two main terms much larger 
than two others. Larger terms have as a denominator the value 
wfl - o)0 and smaller ones have as denominators wfi + w, - w2 and 
— + “2* Relevant adjustment of frequencies w, and o>2 i-n
such a way that to, + a)2 = co0 = allows us to not take into
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account the smaller terms. This neglect, known as the 
rotating-wave approximation (RWA) [22], lead to
- «0)t _ i
Cf (t) = iVSe~^-e 1
<*>fi " w o
< f | u | r > ( r | ^ i \  ( f | z | r ) / r | - ^  i \
w -----------■■/ + u 2ssr------YJ * I /








Here and later it is supposed that there is no exact 
resonance with any of the relay states and that the initial 
and final states have zero width. The effect of the finite 
width of the final level will be discussed later in this 
chapter.
In the derivation of (3.12) we did not consider the 
absorption of two photons from the same light source because 
this process is off-resonance and can exist only due to such 
factors like Doppler broadening, etc. For this reason, the 
formula (3.12) needs correction for the case when the 
frequencies become nearly equal, so that w, = cj2 = o>0/2. At 
this point, two-photon absorption from one light source 
becomes resonant and, therefore, as important as absorption 
from two different sources so that we have to include in our 
consideration the terms neglected in (3.12). Note that for
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this case, the phase difference angle 0 plays an important 
role because in different absorption schemes the transition 
amplitude picks up different phases: (1 + 2) and (2 + 1) have 
0, (1 + 1) has 20, (2 + 2) has 0. For this special case, we 
have for cf(t)
Each member in the sum in (3.13) corresponds to the 
different order of light absorption. For instance, the first 
member describes the amplitude when the first laser beam 
produces the quadrupole transition and the second beam is 
responsible for the dipole transition (scheme (1 + 2)). The 
other three members correspond to the schemes (2 + 1), (1 + 1) 
and (2+2) respectively.
When two waves from different sources have the same
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(!>! = G>2 = 6)0/2
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frequency and the same amplitude, a standing wave appears. The 
electric-dipole transition amplitude is proportional to the 
amplitude of the electric field and the electric-quadrupole 
transition amplitude is proportional to the field gradient. As 
a result, the transition rate in nodes and antinodes is zero. 
It happens when the phase difference angle <f> is n n / 2 ,  n is 
integer. When the amplitudes of the electromagnetic waves are 
different, we have the superposition of standing and 
travelling waves and in the nodes and antinodes of the 
standing wave the transition rate R has minima.
Let us return to the more usual case of different 
frequencies co, and co2. We are interested not in the amplitude 
C j( t ) itself but in the transition probability |cf ( t ) |2. First, 
we can note that the square of the absolute value of the phase 
factor
le-^l2 = 1 (3.14)
It means that the relative phase angle 0 does not affect 
on our result. This happens because in the process of light 
absorption from two different sources the same phase <p is 
picked up for both schemes: (1+2) - in the first stage and 
(2+1) - in the second stage. Note that this is true only in 
the rotating-wave approximation when the frequencies of two 
light beams are different.
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The square of the absolute value of time-dependent part 
in (3.12) can be written as
For small times t, the expression (3.15) behaves 
asymptotically as t2.
Note that atomic energy levels with the total angular 
momentum j  are (2j + 1) times degenerate. This means that we 
have to sum over all final magnetic substates and average over 
initial substates. Ignoring nuclear spin, ground states of 
alkali atoms are twice degenerate, so that we have for a 
transition rate from the initial to the final states 
R = |cf ( t )  \2 for small times
As mentioned before, the special case co, = w2 = «0/2 needs 
a separate treatment. If two light sources are completely
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A  -  ofl co0
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independent, the phase angle <p usually is arbitrary. Averaging 
over 0 describes physically averaging over a large number of 
experimental data. From another point of view, choosing the 
angle 0, it is possible to affect the transition rate. 
Physically, it describes the determination of the position of 
an atom in a standing wave. The wavelength of light is much 
bigger than the size of an atom so that this can be done 
experimentally. Localizing an atom or ion to such a small 
region of space is readily achieved using state-of-the-art ion 
or atom traps.
The summation (3.16) is over all D-states but we will 
take into account only the 5d2D3/2 and 5d2DJ/2 levels. This is 
reasonable when we chose at least one of the light frequencies 
close enough to the 6s2S1/2 -* 5d2Dj energy difference. Note that 
the levels 5d2Dj lie almost exactly midway between the levels 
6s2S1/2 and llp2P3/2 as can be seen from the Table 1. Similar 
reasoning is employed to assure the neglect of relay P- and S- 
states.
B. SYMMETRIES AND COHERENCES.
The quadrupolar interaction for the case of linearly 
polarized light has a plane of symmetry defined by the vectors 
k and e. The electric dipole interaction defines a line of 
symmetry for the same conditions. There are two 
possibilities. When the two radiation fields in the
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quadrupole-dipole two-photon transition are linearly polarized 
in the same direction (parallel case), the entire process 
maintains planar symmetry. When the two radiation fields are 
orthogonally polarized (perpendicular case), the planar 
symmetry is broken. This is generally due to the possibility 
that either of the two radiation fields may drive the 
quadrupole transition, with the second dipole step provided by 
the other field.
This exchange (of radiation field) symmetry is evident in 
the general amplitude cf ( t ) in (3.12) through the two orderings 
of operators 701 and Vm- Often in two-photon processes the 
frequencies of the two radiation fields are quite different, 
and one ordering of operators predominates. In the case
considered here however, the two fields have frequencies that 
are on the same order, and thus contribute comparably to the 
total intensity for the process. Further, as has been shown, 
since each term in the amplitude depends on a product of 
electric field strengths in the same way, the relative phase 
angle <f> does not effect the coherence between the terms.
The exchange symmetry produces yet another interesting 
effect; the strength of the two photon process depends 
significantly on whether the two radiation fields have 
parallel or antiparallel propagation vectors. This phenomenon 
occurs in addition to the usual narrowing of the two-photon 
resonances for counterpropagating fields, and significantly
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modifies the strength of the two-photon process over the 
entire range of detunings from stepwise (1 + 1) resonance 
where the magnitude of the frequency difference |w, - «2| is 
comparable to the spin-orbit splitting of the 5d2Dj levels. As 
will be discussed later, the effect is generally due to the 
different electric field gradient (which drives the quadrupole 
transition) for the two cases.
Finally, the transition amplitudes through the two 
intermediate D-levels, and through the associated magnetic 
sublevels, also combine coherently in the final amplitude for 
the process. This fine-structure coherence has been previously 
noted for its strong effects on the depolarization and 
intensity spectrum of Rayleigh scattered light near the Na 
resonance transitions [44]. It has also been observed in two- 
photon S-S and S-D dipole-dipole transitions in atomic Na 
[15,45,46].
C. AMPLITUDES AND INTENSITIES.
Calculations are most convenient when the Cartesian 
operators in are expressed in terms of irreducible tensor 
operators [47], These are given in Table 2, along with the 
associated selection rules on the magnetic quantum numbers for 
the transitions.
Substitution in (3.16) expresses our result in terms of 
irreducible tensor matrix elements of the first r 1 and second
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TABLE 2
Relationships between tensor operators, reduced matrix 










z r 1 ro (IHI) Am -  0
X (r-i - r } )  
&
<IHI) Am = ±1
y z
i(r? + r l x) 
&
(IMI) Am = ±1
x y i  (r -2 ~ r \ )  
2
(IMI) Am = ±2
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r2 order. For u = z (parallel case)
, 1/2 3/2 5/2 jE. E IE E16 %=-l/2 aip=-3/2 j=3/2 mD=-j
1̂1 Pz/2mp I ro 15 DjinD | r \  + rf|651/2m^ <3-17)
co,
va>i - O j
sga>2 ' 
<*>2 " <*>y,
Here ms/ and mp are magnetic quantum numbers of the 
initial S-state, relay D-states and final P-state 
respectively. The quantity w} is the resonant frequency from 
the initial S-state to the relay D-state. For u = x  
(perpendicular case)
1/2 3/2 5/2 j* - cf-i E E IE E
A ojs=-1/2 fflp=-3/2 j»3/2 Jnc=-j
6?i(llP3/2inp|r-11-ri115 \ i\ + r? 16 S'1/2̂ s)
- Wj- (3.18)
^ l̂ 5r̂ >2 ^ 3-̂ 33/2'^P 1 r 0 15DjWj){S DjinD | JT-2 ~ 1*2 16 ̂ i/2̂ Ŝ  12
Note that the two initial magnetic sublevels (ms = ±1/2) 
correspond to the different final magnetic sublevels. As a
consequence, there is no interference between absorptions from
%  = -1/2 and ms = 1/2. This fact allows us to avoid the
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summation over initial magnetic quantum numbers and choose 
some particular ms, for instance 1/2.
ms°1/2
~2 5^. "* ^msl/2^ ms=-1/2
Here S is the Kronecker symbol.
We can extract the dependence of irreducible tensor 
matrix elements from the magnetic quantum numbers using the 
Wigner-Eckart theorem (see, for instance, [47]), according to 
which
( j 1m1\ r £ \ j 2m2) = C ( j 2 ' N , j 1;m2 ,M ,m 1) ( j J r ir\\j2) (3.19)
Here C is a Clebsch-Gordan coefficient, 0i|rw||j2) is
called the reduced matrix element of the set of tensor 
operators rMN, N is the rank of a tensor. Note that Clebsch- 
Gordan coefficients contain information about transition 
rules. Using (3.19), we have for u =  z
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3/2 5/2 j
R = E IE E
° mp=-2/2 j=3/2 mD=-j
( l lP 3/2I r 1||5DjX5^Ur2i651/2)
(3.20)
/1 / ̂  0 / illpj
/ 2 / j } ms, 1 / iH„JJ
The scheme of transition for u = z is shown in Figure 3. An 
atom from the initial sublevel ms = 1/2 goes into the final 
sublevels mP = 3/2 and mP = -1/2.
For u =  x , we have
3/2 5/2 j* - w-h E I E EmJ)"-3/2 j-3/2 mD— j
<HP3/2||r1||5DJ.X5Z?:,.||r2l651/2)
 ̂ w ^ c j j # 1 , ;mD, - 1, jnp) - c ( j , 1 , ;mD, 1,
(1̂  - Wj
x |c| ̂ »2, j;jns, ~1 , >  2, j;Jn5# 1,
0)2C(-7 1 1» —  » ̂1)/ 1 /
+ so i
(3.21)
G>2 - O j
x |c| £ # 2, j; m s, ~2, m^j ~ ̂|_2  ̂ h
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FIGURE 3
Graph showing contributions to the two-photon quadrupole-
dipole excitation amplitudes for u = z.
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FIGURE 4
Graph showing contributions to the two-photon quadrupole-
dipole excitation amplitudes (1+2) for u = x.
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
38





Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
FIGURE 5
Graph showing contributions to the two-photon quadrupole-
dipole excitation amplitudes (2+1) for u = x.
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Everywhere in (3.20-21) ms -  1/2. An atom from the 
initial sublevel ms = 1 / 2  goes into the final sublevels 
flip = -3/2 and flip = 1/2.
The absorption scheme for a (1+2) transition is shown 
in Figure 4 and for a (2 + 1) transition in Figure 5.
The reduced matrix elements in (3.20-21) represent two 
pairs of values. For our purposes we need their ratio Q, 
defined as
The ratio normally takes the value Q = 1, when the 
reduced matrix elements each take j-independent values of R^ 
and R fr. Theoretical derivation of the ratio Q is given in the 
Appendix 1. Departures from 0 = 1  reflect effects due to 
electron correlation and spin-orbit interaction on the 
transition amplitudes. These effects are exceptionally large 
in the Cs principal series [23-25], and it is expected that 
they will be also be significant for the transitions 
considered here.
Results for the specific process considered here can be 
expressed in terms of the relative amplitudes A, and 
intensities for each of the two orthogonal polarizations
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(3.22)
illustrated in Figure 2, and for co- and counterpropagating 
beams.
The nonresonant amplitudes A, are
4<i)2£?sgr <*2s9
W 2_ U 5/2 W 2_(,)3/2.
a _ 6 U 1Q
2 ~  77ur u5/2 U 2~W 5/2 W 2 W 3/2.
6w2Qsg <*2sg
(3.23)
2 (*>2Qsg 2o 2sgr
W 2_ W 5/2 W 2-a>3/2.
The four amplitudes correspond to the four final 2P3/2 m, 
states accessible from each lower 6 s2S1/2 mj (±1/2) state, as 
illustrated in Figures 3-5. For instance, the amplitudes A, 
and A2 describe the transition for the parallel case from 
ms = 1/2 to mP = 3/2 and mP = -1/2 respectively. An example of 
calculation of A, is shown in Appendix 2.
For intensities I a (beam polarizations are parallel) and 
I v (beam polarizations are perpendicular) we have
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Here I0 is an overall normalizing intensity factor, while = 1 
for copropagating beams and - 1  for counterpropagating beams.
A very useful measure of the relative sizes of the 
intensity expressions for parallel and perpendicular 
excitation is a linear depolarization degree [48], defined as
PL = I z *  (3.25)
■‘■zz zx
As well as compressing the decades-level variations in 
the separate intensity expressions to the range ±1, PL may 
also be experimentally determined to high precision. As a 
relative measure of the intensities at each detuning, PL turns 
out to sensitively depend on possible departures of the LS 
coupling prediction for the ratio of reduced matrix elements 
Q. Detailed results for PL will be presented in the following 
sections.
D. INTENSITY SPECTRA.
The intensity spectra may be put on an absolute scale in 
terms of the separate resonant quadrupole and dipole strengths 
for the process. Ignoring hyperfine structure, and 
considering wide-band Gaussian spectral profiles of width 6 
for each beam, the transition probability |Cp\ 2 is determined 
through [22]. In this limit the transition rate for long time
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becomes asymptotically a linear function of time. Taking into 
account the finite width of laser beams and making the 
integration with respect to frequency, the long time limit is 
given by
Here S is the width of light source, <J;> and <I2> are 
the cycle averaged intensities for the two beams, and a the 
fine-structure constant. The normalizing intensity I a given in 
previous equations is directly proportional to |Cp |2 through 
experimental factors determined by the method chosen to 
measure population in the llp2P3/2 level. Note that the 
transition rate has the same form when the two lasers are set 
to resonance for a Doppler broadened line, so long as S is 
replaced by the convoluted Doppler width 7 .
Here T is temperature, k is the Boltzmann constant, m is 
the mass of the Cs atom.
A representative intensity spectrum for copropagating 
beams and with relative reduced matrix elements Q = 1 is
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FIGURE 6
Intensity spectra for two-photon quadrupole-dipole 
6 s2S1/2 -*■ 5d2Dj -* llp2P3/2 transition in Cs. Copropagating beams 
with a ratio of reduced matrix elements 0 = 1 (u = z ) . The 
detuning is determined from 5d2D5/2-state.
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presented in Figure 6 . For this figure, the two beams are 
taken to be linearly polarized in the same direction, and the 
relative size of the spectrum determined by the intensity 
calculated at 10'3 cm'1 from resonant excitation through the 
5d2Ds/2 level. The existence of four resonances is due to the 
proximity of the resonance energies for the 6 s2S1/2 -*• 5d2Dj and 
5d2Dj llp2P3/2 transitions. Such pairs of resonances will 
always occur for two photon transitions via some intermediate 
resonance, but are often so spectrally separated as to be 
practically unimportant. For 0 = 1 ,  the relative intensity 
within each pair of resonances is 2 1 «5/2/u3/2.
An intensity spectrum for counterpropagating beams, but 
for otherwise identical conditions as Figure 6 , is shown in 
Figure 7. Here an additional remarkable destructive 
interference structure occurs in the region between the pair 
of resonances. It arises because (1) the two photon 
amplitudes do not depend on the relative phase of the two 
exciting beams and (2 ) because the contributions to the 
quadrupole amplitude have different signs, but the same 
magnitude for counterpropagating beams. The mean two-beam 
electric field gradient varies rapidly in this spectral region 
and vanishes when = w2. Note that two-photon excitation 
from each single beam is not responsible for this structure, 
but instead generates a much narrower structure (on the order 
of the Doppler width) centered at w, = o2.
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FIGURE 7
Intensity spectra for two-photon quadrupole-dipole 
6 s2S1/2 - 5d2Dj - llp2P3/2 transition in Cs. Counterpropagating 
beams with a ratio of reduced matrix elements 0 = 1  (u = z ) .

























600 - 4 0 0  - 2 0 0  0 200  400 600 800
Detuning, cm
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
47
E. DEPOLARIZATION SPECTRA.
Linear depolarization spectra for co- and 
counterpropagating beams are presented in Figures 8 and 9 
respectively. For each spectrum, Q is taken to be 1; the only 
difference in physical conditions for the two spectra is the 
relative propagation direction for the two beams. As in the 
intensity spectra, the difference in the interaction matrix 
elements for these two cases generates much different 
depolarization spectra. For example, the destructive 
interference noted in Figure 9 occurs only when both beams 
have identical polarization directions. Then the result 
PL = -1 when o>[ = w2 occurs because 1^ vanishes there, but 
does not.
For resonant excitation, the depolarization values are 
practically determined by their LS coupling values. These 
values are PL = 0.75 for the 6 s2S,/2 -*■ 5d2D5/2 -*• llp2P3/2 (A = 0) 
transition, and PL = -0.5 for the 6 s2S1/2 -+ 5d2D3/2 -* llp2P3/2
(A = -97.59 cm'1) transition. Variations in the spectra due to 
changes in the relative propagation directions of the two 
beams, or due to changes in Q alter the shape of the 
depolarization spectrum, but leave the depolarization at these 
two points fixed. To illustrate how a change in Q is 
reflected in the depolarization spectra, consider Figure 10, 
which is computed for 0  = 2 , and for copropagating beams. 
Comparison of this spectrum with that of Figure 8 , which is
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FIGURE 8
Linear depolarization spectra for the 6s2S1/2 -*• 5d2Dj -*■ llp2P3/2
transition in Cs. Copropagating beams with a ratio of reduced
matrix elements 0 = 1 .
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FIGURE 9
Linear depolarization spectra for the 6s2S1/2 -*• 5d2Dj - llp2P3/2 
transition in Cs. Counterpropagating beams with a ratio of 
reduced matrix elements 0 = 1 .
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FIGURE 10
Linear depolarization spectra for the 6s2S1/2 -*■ 5d2Dj -*• llp2P3/2
transition in Cs. Copropagating beams with a ratio of reduced
matrix elements 0 = 2 .
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computed for 0 = 1 ,  shows the very strong sensitivity of the 
shape of the depolarization spectrum to variations in Q. In 
fact, even in the near-resonant regions near A = 0 and 
A = -97.59 cm'1, where such effects would most easily be 
accessible to experimental study, relatively small variations 
in 0 produce substantial effects. This is illustrated in 
Figure 11 by means of a difference depolarization spectrum 
comparing the depolarization for Q = 1.02 with that for 
0 = 1.00, again for copropagating beams. The variations of 
several percent in PL reflect a proportional mapping of Co­
variations into the depolarization spectrum domain, where 
measurements of the observables (PL and A) may normally be 
made to high precision.
The ratio of reduced matrix elements Q can not only have 
different absolute value but also can be negative. The 
depolarization spectra when Q = -1 for copropagating and 
counterpropagating beams are shown in Figures 12 and 13 
respectively. The resonant depolarization values remain the 
same but the shape of spectrum changes dramatically.
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FIGURE 11
Linear depolarization spectra for the 6s2S1/2 -*■ 5d2Dj - llp2P3/2
transition in Cs. Copropagating beams with a ratio of reduced
matrix elements Q = -1.







- 0 . 4  -
- 0.6 -
- 0.8 -
2 0 0  400  6 0 0  800- 6 0 0  - 4 0 0  - 2 0 0  0
- 1
Detuning, cm
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
FIGURE 12
Linear depolarization spectra for the 6s2S1/2 -*■ 5d2Dj -» llp2P3/2
transition in Cs. Counterpropagating beams with a ratio of
reduced matrix elements Q = -1.
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FIGURE 13
Difference linear depolarization spectra for the
6s2Si/2 -*• 5d2Dj -*■ llp2Pm transition in Cs. Copropagating beams.
The difference is defined as PL(Q = 1.02) - PL(Q = 1.00).
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CHAPTER 4
HYPERFINE STRUCTURE
In previous chapters the state of the valence electron 
was characterized by the set of electron quantum numbers: n ,  
j ,  I, s ,  m (see (2.6)). In this approach we did not take into 
account the interaction between the electron and the magnetic 
moment of the nucleus. This interaction has as a result the 
additional terms in HE in (2.4). If we define the nuclear spin 
as i, then we have for the total angular momentum f  = j  + i, 
and the wavefunction will be characterized by a new quantum 
number f .  The value of the nuclear spin of caesium is 7/2. For 
the initial S-state, the value of total electron angular 
momentum j  = 1/2, so that we have two possible values of f ,  
namely 3 and 4. As for the final P-state with j  = 3/2, f  can 
take four values from 2 to 5. Energy eigenvalues that 
correspond to states with the same quantum numbers n ,  j ,  
1 ,  s but different values of total angular momentum f  are 
slightly different, so that the initial state splits into two 
sublevels and the final state splits into four. This is called 
hyperfine structure of atomic levels.
We are interested here only in the case of nonresonant
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intermediate levels. Then the effect of hyper fine structure on 
the expressions for I a and I w must generally be evaluated. For 
nonresonant excitation of the relay levels, where all the 
intermediate (/', m' ) states are coherently excited, inclusion 
of nuclear spin i modifies the expressions of (3.23). However, 
the intensities for each polarization and hyperfine component 
may still be expressed as combinations of the four amplitudes 
defined in (3.23). For an unpolarized ground level, these 
combinations for each initial and final total angular momenta 
f  and f " , and for each branch of excitation (as illustrated in 
Figure 3) are summarized in Tables 3 and 4.
There exist experimental difficulties in the excitation 
of an atom from some particular initial sublevel f  to the 
definite final sublevel f". The problem is that line 
broadening by various mechanisms for many cases makes this 
task impossible. As for atomic Cs, for counterpropagating 
monochromatic beams, and for nonresonant excitation of the 
relay levels, the hyperfine structure [4] in the 6s2S,/2 and the 
np2P3/2 levels may be resolved. However, for n £ 11 (n is 
principal quantum number), radiative and residual Doppler 
broadening will prevent resolution of the excited np hyperfine 
structure. As for copropagating beams, even with Doppler 
broadening of the spectra, the large 6s2S1/2 level hyperfine 
splitting of 9.192 GHz in Cs [12] will be resolved. For 
resonant excitation, Doppler-free spectra may be obtained for
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both co- and counterpropagating beams [10], again allowing 
possible resolution of the hyperfine structure.
Note, that for the case of excitation of the llp2P3/2, 
where co, and w2 are nearly equal, the excited level hyperfine 
structure will not be resolved under the usual cell 
conditions. Such structure could be partially resolved in 
spectroscopy experiments with cold atoms in atom traps or in 
atomic beam experiments. We are primarily concerned here with 
the former case, where only the ground level hyperfine 
structure is resolved. Then there are two resonances 
corresponding to transitions from the f = 4 and f  = 3 ground 
levels; these will have relative intensities 9 to 7, and will 
each have polarization spectra given by the expression (3.23) .
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TABLE 3
Hyperfine transition amplitudes for the quadrupole-dipole 
6s2S1/2 -+• 5d2Dj -» llp2P3/2transition in Cs. The ground level total 
angular momenta (f = 3,4) are given along the vertical axis, 
while those for the llp2P3/2 level (f = 2,3,4,5) are given 
horizontally. Linear electric field polarizations are parallel 
to each other.
f 2 3 4 5
3 40Jzz - 9J' 42JZZ - 1 I> 150JZZ + 9 I> 1 1 1 '16 16 80 80
4 9 I f 7 (2 Jzz + I') 210IZZ - 31' 440TZZ - 77116 16 80 80
i 1 = l o U i  - ,/3Vy2 
I2Z = I 0 U t  + A l )
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TABLE 4
Hyperfine transition amplitudes for the quadrupole-dipole 
6s2S1/2 - 5d2Dj - llp2P3/2 transition in Cs. The ground level total 
angular momenta (f = 3,4) are given along the vertical axis, 
while those for the llp2P3/2 level (f = 2,3,4,5) are given 
horizontally. Linear electric field polarizations are 
perpendicular to each other.
f 2 3 4 5
3 I zx 7 I Zx 1 1 14 8 40 20
4 21 I zx 99 J■Lzx 33J**4 8 40 20
Izx = I0(Al * A\)




A. CHANGES IN INTERACTIONS AND TRANSITION RATES.
An external static electric field causes the mixing of 
the atomic eigenstates. For moderate magnitudes of electric 
fields (less than or about 104 V/cm), we can use perturbation 
theory to calculate the mixing. According to this approach, 
the modified atomic Hamiltonian fiE' in the presence of the 
static electric field E can be written as
ffB = + eE'X (5.1)
Here HE is the original atomic Hamiltonian, r is the sum 
of radius-vectors over all the electrons of an atom.
Mixing is possible only for the atomic eigenstates with 
different parity, so that we have in the first order 
approximation for the ground state of atomic Cs the mixture of 
S- and P-states
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» 3/2
|62Sl/2> = |62S1/2> - £  £  ajrfp; (5.2)
22=6 J= 1/2
Here J  = 1/2 or 3/2 is the total electron angular 
momentum of P-states, summation is over all P-states, 
including continuum states. Coefficients anJ are defined as
a„  = < 2 !5 z !f£ £ !£ !£ » >  (5.3)
nJ zr _ c
S nJP
Here Es is the ground state eigenenergy, EnJP are the 
unperturbed energies of the P-states. Note that the atomic 
parity violating perturbation also mixes the ground 2S1/2 level 
with the nzP1/2 levels. The effect of this very weak mixing 
will not be considered in this dissertation.
Stark mixing also takes place for the relay D-states and 
final P-state. Schematically, it can be shown as
|r> = |5 2D n) + e,|p) + e2|f)J (5.4)
| f) = |ll2P3/2) + e3|S> + e2|P)
Here Si (i = 1,..,4) are coefficients similar to those in
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Here et (i = l,..,4) are coefficients similar to those in 
(5.3); summations over contributing states are interposed. 
Nevertheless, for the purpose of studying two-photon 
transitions, we should not take into account the variations of 
the relay and the final state (5.4), but only the mixing of 
the initial state (5.2) . The reason for this is the keeping in 
our calculation only the major quadrupole-dipole and Stark- 
induced dipole-dipole amplitudes and omitting the amplitudes 
of higher orders (like Stark-induced quadrupole-dipole, etc.), 
which give smaller contribution to the transition compared to 
the major ones.
Now we will consider again two-photon, two-color 
transitions in atomic caesium. The ground state 6s2S1/2 with 
some mixing of P-states is taken for the initial state and the 
final state is again chosen to be llp2P3/2. The basic scheme is 
shown in Figure 1. The 5d2D3/2 and 5d2D5/2 levels are considered 
as intermediate levels. For the radiative electric fields and 
interaction Hamiltonian we will use the formulas (3.1-2). In 
the process of solving of the Schrodinger equation (2.1) we 
obtain the system of differential equations (3.6) and, with 
the help of the time-dependent perturbation theory, the 
formula (3.10). That formula is universal and does not depend 
on the type of interaction and describes the two-photon 
transition amplitude from an initial state through some relay 
states to a final one. To calculate this amplitude for the
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present case, when an atom is subjected to a static electric 
field, we should substitute into (3.10) the interaction 
Hamiltonian from (3.2) and the initial wavefunction from 
(5.2). The transition from the relay D-states to the final P- 
state is due to the electric dipole part of (3.2) just like in 
the case, discussed in Chapter 3. As for the transition from 
the initial ground state to the relay states, we have the 
superposition of the electric quadrupole (S -*■ D) and induced 
electric dipole (P -* D) transition amplitudes, because the 
ground state now is a mixture of S- and P-states. For the 
amplitude of the final state cf ( t ) we now have
cf(fc) = q u a d r u p o l e - d i p o l e  p a r t
02 j? e* “ 3 / 2e E lm  E in n w— v w— » «— Vj. "'01 02'------- ' ' ' ^nJLEE E-ft2 r n=6 j = 1/2
x {<f|u|rXr|z|i>
t t1




x j eiWfrtcos dt'jeiWzit"cos (w21") dt"}
Here, |r) and |f) represent the spatial and spin parts of 
the 52Dj relay and final wavefunctions respectively; the
spatial part of the initial wavefunction |i) can be obtained
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from (5.2). The expression (3.11) coincides with the 
quadrupole-dipole part of (5.5). This part has been studied in 
Chapter 3, in this chapter we will consider the effect of 
interference of the quadrupole-dipole and Stark-induced 
dipole-dipole amplitudes.
After the integration with respect to time and use of the 
rotating-wave approximation for the amplitude of the final 
state we have
- «o)t _ -I
c A t )  = ------------




l j  sgv>2{ f \ z \ i ) ( r y u
2 ') ]
6). - <0r, (0, - 0)r,- \ 1 XI 4 X 1 /
w 3/2- ̂<E E E a nJ
X Jl=6 J=l/2
r(f[u|rXr|z|i) + ( f  IzlrXrluji^
' (5.6)
V W 1 - W ri <■>2 - W ri
Again, it is supposed that there is no exact resonance 
with any of the relay states and that the initial and final 
states have zero width.
The experimentally measured value is not the amplitude 
cf { t ) but the transition probability R = |Cy(t) |2. Using the 
fact that R does not depend on the relative phase angle tp (see 
(3.14)) and considering the asymptotic behavior for small
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times t (see (3.15)), we get for the transition rate R the 
expression that does not depend on the relative phase angle
©^flulr^r y z2
{ to, - uri sg- <*>2 " “ ri
» 3/2- icE  E E
r  n=6 J=l/2
’<f|u|rXr|z|i) + (f|z|rXr|uli))
«2 " W ri
(5.7)
The expression (5.7) can be rewritten as
2 * r - r
(5.8)
The interference terms between induced dipole and 
quadrupole transition amplitudes cancel each other when we 
make summation over the final magnetic substates, so that the 
total intensity is just equal to the algebraic sum of 
quadrupole-dipole intensity and induced dipole-dipole
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intensity. However, these interference terms can produce the 
orientation in the final state [19]. Note, that for specific 
experimental conditions when the splitting of different 
magnetic sublevels takes place (for instance, in an external 
magnetic field) and the transition occurs from one particular 
magnetic sublevel to another one, variations of the external 
electric field can produce destructive interference and 
prevent the transition. In the same conditions, the situation 
can be observed, when only one type of transition (either 
quadrupole or dipole) occurs.
B. SYMMETRIES AND AMPLITUDES.
Calculations are more complex than those in Chapter 3 
because in addition to coherence between the fine-structure of 
the intermediate D-level and exchange symmetry for two laser 
beams, there is also the interference between Stark-induced 
and quadrupole amplitudes. The vector of the applied electric 
field defines some preferential direction in space and, 
therefore, breaks the plane symmetry that can exist in the 
case of a quadrupole-dipole transition. Another change is the 
decreasing of the difference between the cases when radiation 
fields have parallel and antiparallel propagation vectors. 
This happens because dipole-dipole transition amplitudes are 
not sensitive to the propagation directions as long as the 
mutual orientation of polarization vectors is conserved.
An external electric field produces another type of
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symmetry. Flipping the direction of the field does not affect 
the total intensity but changes the sign of the final state 
orientation. Note, that for the selective transitions between 
definite magnetic sublevels or if the initial state is 
prepared as a coherent superposition, reverting the electric 
field direction does produce changes in the total intensity.
The static electric field operator e E - r in (5.1) can be 
reexpressed in terms of irreducible tensor operators. The 
operator can be different for different directions of the 
electric field. Nevertheless, it is sufficient to obtain 
results just for three basic directions along the coordinate 
axes. The amplitude for an arbitrary direction can be derived 
as the linear superposition of the three independent solutions 
taken with the relevant coefficients. If we define E = (Ex, Ey, 
Ez) as the vector of the external static electric field, then 
the electric field operator can be written as
e E -r  = e
I i i \
z ti - rj + E y i + z ; +  Ezi\ (5.9)
Usually, in an experiment the direction of an applied 
external field is chosen to be perpendicular to the direction 
of light propagation. Therefore, the consideration of 
transition amplitudes will be restricted to directions along 
z- and x-axes. (Results for y-direction can be obtained using
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the same method, if necessary).
It should be noted that the operator (5.9) is similar to 
the operator describing the electric dipole transition. 
Writing the transition rate in terms of irreducible tensor 
matrix elements, we get
Here R^ corresponds to the dipole transition from the 5Dj 
states to the final IIP3/2 state.
The quadrupole S -*• D transition is described with the 
values RQu
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0 ms“-l/2 mP~-3/2 j-3/2 mD=-j (5.10)
RPZ = (l 1 P 3/2il7p | r 0 15 Djlllj)




_ f eD /n J r- !  + rl\ss1/2m)
R  O z  ~
*  (5.12)
„ _ ( 5 D ^ | r ? 2 -  rl\SS1/7m)
Q *~ 2
Stark-induced dipole transition contributes to the
transition rate through RDu
00 3/2 J  T3 TD
Sdx = -2ice|B|o£ £  £  (5.13)
n=6 J=l/2 irij=-J a S a nJP
where for £ along z-axis
J?raz = (SDynjIrJlnPjinj)
_  {5DjirijIr-! - r l l n P y n ) .
TRX J2
Rmix = <nPjmj\rl\6S1/2mJ
Here my are magnetic quantum numbers of the P-states that 
are mixed with the ground S-state, ms, mD and mp have been 
defined earlier, and or = 1 if the external electric field E  
is parallel to the z-axis (or x-axis) and a = -1, if E is 
antiparallel to this axis. For the case of E along the x-axis, 
we should make the replacement
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-- r i | 6 ^  (5.15)
v2
Using of the Wigner-Eckart Theorem allows us to replace 
the irreducible tensor matrix elements with the product of a 
Clebsch-Gordan coefficient and a reduced matrix element. 
Therefore, we can write for R
1/2 3/2 5/2 j 3/2 J
R = E E IE E E E° ms— l/2 ntp— 3/2 >3/2 mD— j J-l/2 rrij— J
(C a  1 CQz~2 i° KjjCpz® o (5.16)
6)x - U j
+ c  s g u 2C0u- 2 i a K jJ CDuu 0 )
Here Cpu contains Clebsch-Gordan coefficients necessary 
to describe the transition from the relay D-states to the 
final P-state
CPz - c|j, 1, —  ; B j, 0, nipj
C j,l, -=■;m.,, -1 ,mp\ - C2 ' ■*c = 1‘-ftc
|jf,l JBpJ
v/2
For the part, corresponding to the quadrupole S -*• D
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transition, we have
c|— I 2»jiMst -1 / fftyj + c|— , 2, j ; 1 , i7JjJ
*~Qz
I I  \ I I  . \ (5'18)
C l —  , 2  , j j Hlgt -2, flijl ^"("2̂ 1 ̂  1 JImsi 2 ,  fftyj
Cfix = 2
Analogous expressions can be found for the Stark-induced 
dipole transition. For the electric field along the z-axis
Cqz — C 1 1 11J} ms, 0, flijjc (J",1, j  j niji 0, id j)
CDx = c|— , 1, t7;iTJs, 0, TWjj (5.19)
( C { J t 1. 1  j } ffljt ~ 1 / fflj) —C (J", 1, j;.sij-/1, fflj) \
* 1 ^ J
If the applied electric field is directed along the x- 
axis, we should replace in (5.19)
I I  \ j 1 \ (5.20)
C  "2 "  C l — , 1 , « 7 ; j n j , l # J i U
&
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Four dimensionless coefficients Kp in (5.16) determine the 
relative strength of the quadrupole and induced dipole 
amplitudes. They are expressed in terms of reduced matrix 
elements
Here and in (5.16) w0 is some arbitrarily chosen 
frequency. It can be, for instance, «5/2.
The summation in (5.21) is over all P-states but for 
calculations it would be enough to take into account only the 
low-lying levels. If we suppose that the energies of P- 
eigenstates do not depend from their total angular momentum J  
(for the lowest 6P-level it gives « 0.5% error) , and that we 
have exact LS-coupling scheme, then, for this ideal case, the 
ratios of Kp for different j  and J  are (see calculations in 
Appendix 3)
KjJ < 5 ^ ir2l651/2)(00 
A  (5j?Jr1li3 P > P J||r1i6.S1/2)




K i i : JC3 3 : K 5 1 : Ks 3
2 2  2 2  2 2  2 2
(5.22)
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The calculations for (5.22) were made with the help of 
the relevant Racah coefficients. Note, that there is no 
transition from P1/2 to Ds/2 states.
The transition scheme for u = z and E  -  Eez is shown in 
Figure 14. An atom from the initial sublevel ms = 1/2 goes 
into the final sublevels mP = 3/2 and mp = -1/2 due to the 
quadrupole-dipole amplitude and to jdp = 1/2 due to the induced 
dipole-dipole amplitude. For u = x and E = Eez the transition 
scheme is shown in Figure 15 for a (1+2) transition and in 
Figure 16 for a (2 + 1) transition. In this case, an atom from 
ms -  1/2 goes into the final sublevels mP = -3/2 and mp = 1/2
due to the quadrupole-dipole amplitude and to mP = 3/2
and mp = -1/2 due to the induced dipole amplitude.
The absorption schemes for the case, where an external
electric field is along x-axis and u = z is shown in Figure 
17. Both quadrupole-dipole and induced dipole-dipole 
transitions from ms = 1/2 go into the final sublevels mp = 3/2 
and mP = -1/2 and from ms = -1/2 go to mp = -3/2 and mP = 1/2. 
It will be shown later, that the quadrupole-dipole transition 
amplitudes are the same for the same absolute value of mP, 
i.e. Ae (ms = 1/2 -*• mP) = Aa (ms = -1/2 -► -mP). As for induced 
dipole-dipole transition amplitudes, they have the same 
absolute value but different sign: AD(ms = 1/2 -» mP) = 
-A D(ms = -1/2 -♦ -mp). The population of magnetic sublevels of 
the final state will, therefore, differ for mP and -mpr and an
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FIGURE 14
Graph showing contributions to the two-photon Stark-induced 
dipole-dipole excitation amplitudes for u = z .  E = Eez.
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FIGURE 15
Graph showing contributions to the two-photon Stark-induced 
dipole-dipole excitation amplitudes (1 + 2) for u = x .  
E = Eez.
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FIGURE 16
Graph showing contributions to the two-photon Stark-induced 
dipole-dipole excitation amplitudes (2 + 1) for u = x .
E = £ez.
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FIGURE 17
Graph showing contributions to the two-photon Stark-induced
dipole-dipole excitation amplitudes for u = z. E = Eex.
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orientation along the z-axis occur.
For the case u = x and E  = Eex, the scheme for (1 + 2) 
transition is shown in Figure 18 and for (2 + 1) transition in 
Figure 19.
In the Chapter 3 we had introduced the ratio Q in (3.22) 
that allowed us to combine in a simple way the transition 
amplitudes through the different components of the relay 5Dj- 
state fine structure. We will use this ratio here too.
The nonresonant amplitudes A, (i = 1,..,4) for the 
quadrupole-dipole transition were obtained in Chapter 3 (see 
(3.23)). They characterize the transition from and to 
particular magnetic sublevels. For u = z, the transition 
amplitudes AQ, that describe the quadrupole-dipole part, are
AQ(ms = l / 2  -> mp = 3 / 2 ) = AQ(ms = -1/2 -» mp= -3/2) = A1 
AQ(ms = 1 / 2  -  mp = - 1 / 2 )  -  AQ(ms = - 1 / 2  - mp= l / 2 )  = A2
and, for u = x
AQ(ms = 1 / 2  -> mp = 1 / 2 )  = - A q ( ius = - 1 / 2  -  mp= - 1 / 2 )  = A3
AQ(ms = l / 2  - mp = ~3/2) = - A Q(ms = - 1 / 2  - mp = 2 / 2 )  = Ai
For the electric field along the z-axis, we can write the 
amplitudes corresponding the Stark-induced dipole-dipole part
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
FIGURE 18
Graph showing contributions to the two-photon Stark-induced
dipole-dipole excitation amplitudes (1 + 2) for u = x.
E = Eex.
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FIGURE 19
Graph showing contributions to the two-photon Stark-induced
dipole-dipole excitation amplitudes (2 + 1) for u = x.
E = Eex.
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Ad. For u = z
AD (ms = 1/2 - mp = 1 / 2 )  = AD(ms = - 1 / 2 - mp = -1/2) = A5
and for u = x
AD(ms = 1 / 2  - mp = 3 / 2 )  = AD(ms = - 1 / 2 - mp = - 3 / 2 )  = A6 
AD(ms = 1 / 2  - /np= -1/2) = AD(ms = -1/2 - mp = l / 2 )  = A,
The amplitude A5 (for u = z ) is
a 5 =
(5.23)
The amplitudes A6 and A7 are
<*>o iSyfiQKs 2
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and
A, = ^ < * 0 [9y/6QKs 3
3 2 2^«2-0>5/2 (l>l"W 5/2,
4//5if3i + /v̂ JCa i + 4iC3 a\
+ \ 2 2 2 2/ _ \ 2 2______ 2 2/ j
U l-U3/2 W2-W3/2
For intensities, we can write
i zz = J0 {A l + A l + Al)
i zx = i0uf + ^ 4  + + a72)
(5.25)
(5.26)
Here I0 is an overall normalizing intensity factor, the 
same as in (3.24).
If the electric field is applied in the x-direction, we 
have to introduce new amplitudes
A D (ms = 1 / 2  -  mp = 3/2) = - A D (ms = - 1/2 ■* mp= - 3/2) = A8 
■AD(fl7s = l/2 - 2np= -1/2) = - A D(ms = - 1/2 - mp = l / 2 )  = As
where
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A„ = -3v/2fc)0 [AQKs 3
2 2\ “ 2-W 5/2
+ y / 6 K 3  3 [----------
2 2  ̂W l “ «3/2 W 2-“ 3/2,
(5.27)
and
A, = 4 < * 0 [ 9 j 6 Q K 5  3 
■3 2 2
+ l K 3 3 -  2y/5K3 1V 
\ 2 2 2 2 /
<*>1 W 5/2 W 2 ~ ° 5 / 2 )
a)l " W 3/2 W 2 _ W 3/2,
(5.28)
The total intensity for the parallel case for the 
electric field along x-axis is
I zz = I0(A? + a \  + Ag + A i ) (5.29)
For the perpendicular case, the intensity can be obtained 
from (5.24-26) with the exchange in the expressions for A6 and 
A 7
0>1 « w 2 (5.30)
As in the case for the absorption in the absence of an
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external electric field, we will use the linear depolarization 
degree PL (3.25), that can be determined with high precision 
experimentally for different frequencies and electric field 
strengths. This dimensionless factor will be sensitive not 
only to the ratio of reduced matrix elements Q, but also to 
the coefficients Kp, which will allow us to connect the 
quadrupole transition matrix elements and the dipole ones and 
to express the first in terms of the second.
C. INTENSITY AND DEPOLARIZATION SPECTRA.
In the absence of an external electric field, the
dependence of the linear depolarization PL (defined in (3.25)) 
versus frequency is shown in Figures 8 and 9. Variations in 
the depolarization spectra from those shown in these figures 
reflect the difference from unity of the ratio Q. Knowledge of 
Q supplies us with the information about the relative strength 
of the 62Si/2 -*• 52Dj quadrupole transitions to the fine-structure 
components of the D-state. The disadvantage of this method is 
that although we know the ratio of reduced matrix elements we 
do not know those reduced matrix elements themselves. The
studying of intensity and depolarization spectra in the
presence of an external electric field can help to improve the 
situation.
One approach is to perform the measurements of the
polarization of a final P-state versus applied electric field
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when the frequencies are adjusted to be in the exact resonance 
[19-21]. In these experiments the quadrupole transition 
amplitudes were determined with the error around 30%.
We can use our results and propose experiments for the 
resonant conditions too. Choosing the intermediate 52D5/2 state 
and the linear polarization of the laser beams parallel to an 
applied electric field, the following value can be determined 
from the experiment
— I?“° = ^ * 1 2  <5 -31) 
■LE= 0 ' 2 2
Here I is the absorption intensity, I£=0 is the absorption 
intensity in the absence of external field. This way, for 
instance, the absolute value of Esnm can be found. Note that 
this is a convenient quantity to measure, as it is a ratio of 
intensities.
The off-resonance two-photon spectroscopy, however, has 
definite benefits over the experiments in resonant conditions, 
such as the possibility to omit the effect of hyperfine and 
Stark-induced quantum beats of the relay state, etc.
The intensity spectra for u = z ,  E = Eez and Ksnm = 0.1 
(electric field for this K should be about 102 V/cm) is shown 
in Figure 20. The values of other Kjj are chosen in an 
agreement with (5.22). Here the counterpropagating beam case
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
FIGURE 20
Intensity spectra for two-photon quadrupole-dipole and Stark- 
induced dipole-dipole 6s2S1/2 -*• 5d2Dj - llp2P3/2 transition in Cs. 
Counterpropagating beams with a ratio of reduced matrix 
elements 0 = 1, (u = z ) , E = Eet . Coefficients Kjj are
5̂/2 3/2 “ 0.1, ^3/23/2 = 0 . l/^6", -̂3/3 1/2 = 0 . l>/5/6 ̂
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is considered. Note that the induced dipole-dipole transition 
partially removes the drop of intensity when w, = w2.
To estimate the electric field necessary for K3f23n -  0.1 
the values of reduced matrix elements for quadrupole 
transitions are taken from [49], where they were approximately 
calculated. For the dipole transition, we used the 
exper imenta1 data [26].
Linear depolarization spectra for co- and 
counterpropagating beams for Q = 1 are presented in Figures 21 
and 22 respectively. Here, the external electric field is 
along the z-axis, K5/23/2 is chosen to be 0.1 and the other Kjj 
are taken according to (5.22). Note, that the difference 
between the co- and counterpropagation cases becomes smaller 
with the increasing the electric field. In the limit of very 
large magnitudes of the applied electric field, both spectra 
tend to the same depolarization spectrum. This spectrum 
corresponds to the limiting case where the quadrupole-dipole 
transition amplitude becomes negligible. The linear 
depolarization spectrum for this case is shown in Figure 23. 
Here Q = 1, E = Eez and the relations (5.22) are fulfilled. 
The absolute values of the coefficients Kjj do not play any 
role as far as (5.22) is true.
If we are interested in the Stark-induced transition 
only, we can use the fact that the absorption intensity is 
just the algebraic sum of the quadrupole-dipole and induced
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FIGURE 21
Linear depolarization spectra for the quadrupole-dipole and 
Stark-induced dipole-dipole 6s2SI/2 -*• 5d2Dj -*• llp2P3/2 transition 
in Cs. Copropagating beams with a ratio of reduced matrix 
elements Q = 1,  E = Eet . Coefficients K^ are
^5/2 3/2 ” 0*1* ^3/2 3/2 “ ^3/2 1/2 = 0 . l)/5/6
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FIGURE 22
Linear depolarization spectra for the quadrupole-dipole and 
Stark-induced dipole-dipole 6s2S1/2 ->■ 5d2Dj - llp2P3/2 transition 
in Cs. Counterpropagating beams with a ratio of reduced matrix 
elements 0 = 1, E = Eez. Coefficients are
5̂/2 3/2 = 0.1, ^3/2 3 / 2 = O. l / y / 6 ,  K3/ 2 x/2 = 0 . 1^5/6 ̂
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FIGURE 23
Linear depolarization spectra for the Stark-induced dipole- 
dipole 6s2Si/2 -*■ 5d2Dj -*■ llp2P3/2 transition in Cs. Ratio of 
reduced matrix elements Q = 1, E — Eez. Coefficients Kp are
^5/2 3/2 ~ 0.1, ^3/2 3/2 = O. l / y / 6 , ^3/21/2 = 0 . 1̂ /5/6 ̂
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dipole-dipole intensities. Therefore, the spectrum like that 
shown in Figure 23 can be obtained for any value of electric 
field, if we consider the intensity difference both for 
parallel and perpendicular cases
I D = I ~ I 0 (5.32)
Here I  is the total intensity, I Q is the intensity of 
absorption in the absence of an external field, I D is the 
intensity due to the Stark mixing of S- and P-states. From the 
point of view of experimental design, this means the 
measurement of four intensities: for co- and
counterpropagation and for the external electric field on and 
off.
The spin-orbit and electron-electron interactions break 
(5.22), and depolarization spectra will reflect the 
deviations. To illustrate the influence of these effects, the 
calculations are made for the case
K± 1 '• % 2 1 ■ K± i  : K-l 2 =
2 2 2 2 2 2 2 2
4 : 2 : 0 : 1
The results are shown in Figure 24 for 0 = 1 and E = Eez. 
The graph displays only the dipole-dipole part of transition,
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FIGURE 24
Linear depolarization spectra for the Stark-induced dipole- 
dipole 6s2S1/2 -*• 5d2Dj -» llp2P3/2 transition in Cs. Ratio of 
reduced matrix elements 0 = 1, E  = Eez. Coefficients Kp are Ksn
3/2 = 0.1, K3/21 /2  — 0.4, K3/23/2 = 0.2.
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so that there is no necessity to provide the absolute values 
of the coefficients Kjj.
The shape of depolarization spectra depends on the ratio 
Q. The depolarization spectra for the quadrupole-dipole and 
induced dipole-dipole transitions with Q = -1 for
copropagating and counterpropagating beams are shown in 
Figures 25 and 26 respectively and for only dipole-dipole 
transition is shown in Figure 27. The graphs illustrate only 
the induced dipole-dipole part of transition and the 
coefficients Kp are chosen in agreement with (5.22). The 
figures display the dramatic effect of Q on the shape of 
spectra. Therefore, the value of the ratio Q must be 
determined before experiments with an external electric field.
On the resonance w, = o5/2, the depolarization value PL is
0.5 and for &)2 = win, PL = 5/19 regardless of the ratios of K 
This is due to the fact that for this case there is no 
coherence between P1/2- and P3/2-states (only P3/2-states 
contribute to the transition). For w, = u3/2, the depolarization 
value is -0.75 (also no dependence on the ratios) . If u2 = a>3/2, 
then the depolarization value depends on the ratio of the 
coefficients a = K3/2I/2/K 3/23/2 as
fi. - -1 ♦ 2(“2 * 2V^a * 51 (5.33)
3 2 a 2 -  2 3 V 5 a  +  3 3
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FIGURE 25
Linear depolarization spectra for the quadrupole-dipole and 
Stark-induced dipole-dipole 6s2S1/2 -» 5d2Dj -» llp2P3/2 transition 
in Cs. Copropagating beams with a ratio of reduced matrix 
elements Q = - 1 ,  E = Eet . Coefficients Kp are
•^5/2 3/2 = 0 ■ 1 / ^3/2 3/2 = 0 ■ l / t  ^ 3/2 1/2 = ® 6 ^











0 .4  -
- 0.2 -
- 0 . 4  -
- 0.6 -
- 0.8 -
- 6 0 0  - 4 0 0  - 2 0 0  0 200  400  60 0  80 0
Detuning, cm
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
FIGURE 26
Linear depolarization spectra for the quadrupole-dipole and 
Stark-induced dipole-dipole 6 s2S1/2 -► 5d2Dj -*• llp2P3/2 transition 
in Cs. Counterpropagating beams with a ratio of reduced matrix 
elements Q = -1, E = Eet . Coefficients Jfy are
■̂5/2 3/2 “ 0*1» ^3/2 3/2 = 0.l/̂ /6, ^3/21/2 = 0 . 1/5/6 ̂
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FIGURE 27
Linear depolarization spectra for the Stark-induced dipole- 
dipole 6s2S1/2 -*• 5d2Dj -*■ llp2P3/2 transition in Cs. The ratio of 
reduced matrix elements Q = - 1 ,  E = Eet . Coefficients Kp are
•̂ 5/2 3/2 ~ 0.1, ^ 3/23/2 - 0.1 / \/6", K3/2 1/2 = 0 . 1^5/6 ̂
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In the pure LS-coupling scheme PL = -19/39. Measuring the 
depolarization value on the resonance will give the 
possibility to determine the ratio a, although the exact 
values of the coefficients Kjj with high precision can be found 
with measurement of off-resonant intensities.
The real spectrum can be obtained from an experiment. 
Comparing with the theoretical formulas and graphs will give 
the possibility to determine the valid ratios of the 
coefficients. These coefficients are a good source of 
information about the values of the reduced matrix elements 
for two-photon 6s2S,/2 -*■ np2P1/2 -*• 5d2D3/2 transitions in atomic Cs.
After the ratios are found, the expressions for Af 
(i = 5-9) become dependent on single factor only (it can be, 
for instance, Ks/23/2) . Comparing the experimental graph for the 
total depolarization with the calculations allows us to 
determine the coefficients themselves. Knowledge of these 
coefficients will give the opportunity to express the reduced 
matrix elements for the quadrupole transitions in terms of 
those for the dipole-dipole transitions, that can be measured 
directly.
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CHAPTER 6 
SUMMARY
The theoretical investigation of two-photon, two-color 
excitation and linear depolarization spectra in atomic caesium 
is described. The case of two beam excitation, where one 
photon is absorbed through a quadrupole amplitude, and the 
other through a dipole amplitude, is considered. The 6s2S1/2 -» 
5d2Dj -♦ llp2P3/2 transition in Cs is taken as a specific example. 
When excitation is through a spin-multiplet, the final state 
population produced depends sensitively on the relative 
transition amplitudes through the nondegenerate spin-multiplet 
terms. In addition, the transition rate contains interference 
terms depending on the relative directions of the two beams. 
These terms are manifested strongly when the intermediate 
states are nonresonant and when the two beams have 
approximately the same frequency. Polarization dependent 
excitation spectra are presented for this case. These combined 
effects may be employed in experimental studies to accurately 
measure the relative reduced matrix elements and their signs. 
Effects of hyperfine interactions are also considered.
An external static electric field causes the mixing of 
the atomic eigenstates, particularly S- and P-states. As a 
result, the dipole-dipole transition becomes possible. The
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intensity and depolarization spectra for different
orientations of applied field are obtained. The Stark-induced 
dipole-dipole transition amplitudes depend not only on the 
relative transition amplitudes through the relay D-states but 
also on the reduced matrix elements of S ■* P and P -♦ D dipole 
transitions. The latter dependance is contained in the set of 
three dimensionless coefficients. Experimental measurements of 
the polarization spectra can be used to find with high 
precision the absolute value and sign of the reduced matrix 
elements for S -+ P and P -* D dipole transitions and for S -»• D 
quadrupole transitions.
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APPENDIX 1
CALCULATION OF A RATIO OF REDUCED 
MATRIX ELEMENTS IN LS-COUPLING
In Chapter 3 there arose the problem of calculation of 
the ratio of reduced matrix elements in accordance with the 
LS-coupling scheme
(llp||rfl5d( j=5/2) X5d( j=5/2) ||r2|l6g) (Al.l)
(llplr|5d(j=3/2)X5d(j=3/2) ||r2||6s>
Tensors r and r2 operate only on the orbital angular 
momentum and do not affect spin. Following [47] we can write 
the formula for the transition from a reduced matrix element 
depending on the total angular momentum j  to the reduced 
matrix element depending only on the orbital angular momentum
I. According to the LS-coupling scheme, it is supposed that 
the latter does not depend on j
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{ j l l 1s 1[ r N\ j 2l 2s 2) =
8Siflj(-l)S2 + N ~ J* ~ixJ ( 2 1 x + 1) (2j2 + 1) (A1.2)
x W ( l 2 , j 2, l i, j 1 ; s 2,N ) (Ij||rw|I2)
Here N is the rank of a tensor (in our case 1 or 2), W is 
a Racah coefficient. For alkali atoms s, = s 2 = 1/2.
To carry out the calculation of (Al.l) we should just 
substitute using (A1.2). Let us consider first the quadrupole 




(-3.)1/2 +2 ~5/2 W( 0,1/2, 2,5/2; 1/2, 2)
(.2 )1/2 + 2 -3/2 0,l/2,2,3/2;l/2,2)
For Racah coefficients when one of symbols equal is zero, 
there exists a formula to calculate [50]
W ( 0 , a , b ,  c ;  d,  e) = -a-d- ^- — ... (A1.3)
V(2a + 1) (2/3 + 1)
From (A1.3) we can see that the Racah coefficients are
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equal, so that we have for quadrupole part
(5d(j'=5/2) |r2||6s) = _ 
<5d(j=3/2) ||r2||6s) (A1.4)
An analogous procedure for the dipole part gives us (when 
we take into account the fact that the values I2 and are the 
same for the numerator and denominator)
(llpflr2||5d(j=5/2)) = 
<llp||r2||5d(j=3/2)>
\J (2*5/2 + 1) W( 2,5/2,l,3/2;l/2/l) 
V ('2*3/2 + 1) JV(2,3/2,1,3/2; 1/2,1)
Using tables in [50] we have for the Racah coefficients
JV(2,5/2,1,3/2; 1/2,1) =
f/(2,3/2,1,3/2; 1/2,1) = 6 0
So that, we can write for the dipole part
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(llp||r2H5d(j=5/2)) = 3 , 5.
(llp|lr2||5d(j=3/2))
Combining together (A1.4) and (A1.5), we have in exact 
LS-coupling scheme for (Al.l)
<1 lp||r||5d(j=5/2) X5d(j =5/2) flr21|6s) _ _3
(llp||r|5d(j=3/2)X5d(j=3/2) l r 2 U 6 s >  ~
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APPENDIX 2 
CALCULATION OF A NONRESONANT 
AMPLITUDE A!
Let us consider the transition amplitude for the parallel 
case u = z
ms = 1/2 - mD = 3/2 - mp = 3/2




» 2" W 3/2,
w 2s g N- 3 Q\
“ i" <*>5/2 «2 "  «5/2,
(A2.1)
To evaluate (A2.1) we can use tables for the Clebsch- 
Gordan coefficients in [50]:
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We can rewrite (A2.1) as
- 1 + sg
(x>i~ 0)3/2 (|)2- 0)3/2
5 o 2-  “ s /2 ,
(A2.2)
or, pulling out the factor y / 3 / 5, finally
~ { 1 + sg
5 « ! -  (i)3/2 o>2-  o 3/2
4g + 4 sgQ }
“ I" W 5/2 U 2“ U 5/2
(A2.3)
The denominator 5 appears in all A* and, therefore, can 
be included into the overall normalizing intensity factor I0.
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APPENDIX 3 
CALCULATION OF RATIOS OF
THE COEFFICIENTS
In Chapter 5 the coefficients Kp were determined (5.21)
as
The energy splitting of the 6p2Pj levels is about 200 
times larger than the energy difference from the 6P-state to 
the ground 6S-state. The bigger the principal quantum number 
n the smaller the fine structure splitting. Therefore, for the 
coefficients Kp with quite good precision (the error about 
0.5%), we can write
c \ E \ e (5X?J U r 1 | u P J) ( n P J | r 1 | 6 g 1/2)
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K  = c \E \ e  
3J <5^||r2l651/2)a)0
(A3.1)
x A  (SJjIrMflPjXnPjIrMeg^)
jj»6 Enp ~ Ess
Tensors r  and r2 operate only on the orbital angular 
momentum and do not affect spin. Using the formula (A1.2), we 
can replace reduced matrix elements in (A3.1) to those 
depending only on the orbital angular momentum I. In 
accordance with the LS-coupling scheme, there is no dependence 
on j for those elements. It is supposed that the latter does 
not depend on j
The ratio of reduced matrix elements for the quadrupole 
transition is found to be equal to -1 in Appendix 1= For the 
ratio of matrix elements corresponding to the S- and P-state 
mixing we can write using (A1.2)
{ n P (J = 3/2) ||r1||6g) =
(n P {J =  1 / 2 )  llr^M
(-1)1/2 + i - 3/2 ^(0,1/2,1,3/2; 1/2,1)
(.2 )1/2 + i - 1/2 w { 0 , 1/2 ,1,1/2; 1/2,1)
To calculate the Racah coefficients when one of symbols 
equal is zero, the formula (A1.3) is applied. As a result, we 
have for the ratio
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( n P ( J = 3 / 2 ) |rH6g) _ - fA3 2)
(n P (J = 1/2) |r ' l 6 s ) ' ( ‘ }
For the dipole transition from P- to the D-state, the 
reduced matrix elements are equal to the same reduced matrix 
element taken with the relevant coefficients depending on j 
and <7.
P i /2 -  -D3/2 ~ (-1)1/2 + i  '  1 " 3/V ( 2 * 2  + 1) (2*1/2 + 1) 
x W{ 1 , 1 / 2 , 2 , 3 / 2 ' , 1 / 2 , 1 )
P3/2 -* D5/2 ~ (-1)1/2 + 1 • 1 ■ 5/V ( 2 * 2  + 1) (2*3/2 + 1) 
x t r (l,3/2,2,3/2;l/2,l)
P3/2 - Ds , 2 ~ (-1)1/2 + 1 " 1 - S/V ( 2 * 2  + 1) (2*3/2 + 1) 
x W{ 1,3/2,2,5/2;l/2,l)
The Racah coefficients can be found in tables [50]. 
lV(lll/2/2,3/2; 1/2,1) = 6
P/(l,3/2,2,3/2;l/2,l) = D U
JV(l,3/2,2/5/2; 1/2,1) = Y !
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Therefore, we can write for the dipole transition
(5Z?(j=3/2) Br1|li2P(l7= l/2 )>  = -*/576p 
(5£>(j=3/2) | r 1|i3P(J"=3/2)> = -lA /6 p  
(5 P (j= 5 /2 ) ||r1Ii3P(c7=3/2)> = lp  
p = (SDlr^-nP)
(A3.3)
Combining together (A3.2), (A3.3) and the ratio of
reduced matrix elements for the quadrupole transition from 
Appendix 1, we have in exact LS-coupling scheme for the ratio
of the coefficients Kp
K _3 ̂  : 1 : K± 2 =2 2 2 2 2 2
(A3.4)
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